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1. Introduction. The purpose of this note is to improve the results of [2] by using the results of [7] and to give some information about the structure of the universal linear transformation groups in [1] and [2] .
Let G be a locally compact group. A weight function on G is a real-valued function f on G with the following properties:
(i) f(e) = 1, where e denotes the neutral element of G; f(g) > 0 for every g e G.
f(g)
(ii) sup --< oe for every go e G. A topological transformation group is a triple (G, X, rr) with G a topological group, X a topological space and rr : G x X ~ X a continuous function satisfying zr(e, x) = x and zr(g 1, 7r(g 2, x)) = zr(glg 2, x) for all gl, g2 e G and x e X.
g~a f(ggo)
Define rrg: X ~ X and zrx: G -+ X by 7r°(x) = ~rx(g) = ~r(g, x) (g e G, x e X). Then it is clear that {~rg]g e G} is a group of autohomeomorphisms of X, and that r~ is a continuous function of G into X. The topological transformation group (G, X, ~r) is called effective ifg ¢ h implies zr 9 ¢ ~r h (g, h e G). Throughout this note we will use the following notation: if H is a Hilbert space, then L(H) will denote the space of all bounded linear operators in H, and GL(H) will denote the group of all invertible bounded linear operators in H. We always assume that GL(H) is provided with the strong operator topology, that is, the point-open topology on H.
49
The concept of a W-group was introduced by P. C. Baayen and J. de Groot in [1] • They proved the following theorem (in a slightly different formulation).
THEOREM A. Let (G, X, or) be a topological transformation group. If X is metrizable and if, moreover, G is a W-group, then there exists a topological embedding r of X into a Hilbert space K, and an isomorphism L: G -~ G L(K), such that, for every g ~ G, L(g) o r = T o ~o.
In a subsequent note [2] , P. C. Baayen proved that the isomorphism L is always an open map and, moreover, that it is continuous (hence topological) if G has a continuous weight function f such that sup~f(g)/f(gh) is a locally bounded function ofh on G (which is the case iffis continuous and has property (ii)o). We shall prove that the continuity off may be dropped from the conditions if 1If is locally bounded• The proof depends on the fact that the space of continuous functions on G with compact support is dense in L2(G), and the proofs in [2] may easily be adapted to obtain the desired result• We shall give a different proof, replacing the "Hilbert integral" of [1] by a Hilbert sum of copies of L2(G ) and using a suitable representation of G in GL(L2(G)) (see Theorem 3.4 of this note).
As to the condition that 1/f must be locally bounded, we note the following facts. In [7] A. B. Paalman-de Miranda proved that the class of W-groups is exactly the class of ~-compact, locally compact groups, and that every Wgroup admits a proper weight function. In fact the author proved more. If G is a ~-compact, locally compact group, then there is a sequence V 1 _ V2 --q • • ' -~ Vk -"" • of compact subsets of G such that V1 is a neighbourhood of e and G = U2=IVk. Then a function f satisfying (i), (ii)o and (iii) can be constructed in such a way that ink-----sup {~(-~ g e Vk}<OO for all k = 1, 2,.... In particular the function g -+ 1If(g) is locally bounded on G. Indeed, if go e G, then go V~ is a neighbourhood of go, and for every g s V t the inequality 2 . A simple computation shows that for all g, h z G we have pgh = pg o ph and that pe is the identity operator in L2(G). Hence pg z GL(L2(G)) for all g, and the mapping R: g -+ pg is a homomorphism of the group G into the group GL(L2(G)). Proof. Part of the theorem is proved in the preceding discussion. We only have to show that R is a topological embedding.
(1) First we show that R is a relatively open injection. To prove openness, since R is a homomorphism of groups, it is sufficient to verify the following statement: for every neighbourhood U of e in G there are a finite set A c L2 (G ) and a real number ~ > 0 such that {gig e G&ltp°x-xtl2 < E for all x e A} ~ U.
The proof is easy: let V be a compact, symmetric neighbourhood of e such that V z ~_ U. Now there is a continuous function x o with support contained in V such that Svlxo(h)lZdh = 1. For every g ~ G, g ¢ U, we have g ¢ V 2, hence Vg-1 n V = z, and consequently
.
) v
Taking A = {Xo} and ~ = 1 we have the desired result.
To prove that R is a one-to-one mapping it is sufficient to prove that g = e if [I p%-x 112 = 0 for all x ~ L2(G ). Assuming g # e, there is a neighbourhood U of e such that g ¢ U; then, using the function x 0 indicated above, we obtain IIp°Xo -xoll2 > 1 for some Xo e L2(G), contradicting the fact that [[O°x-xlt2 = 0 for all x e L2(G ). Hence R is an isomorphism.
(2) To prove that R: G ~ GI-(L2(G)) is strongly continuous it is sufficient to prove that for every x s L2(G) the mapping g ~ pa(x) from G into L2(G) is continuous in e • G. The proof is in two steps: (a) Suppose first that x is continuous and has a compact support, that is, there is a compact set C in G such that x(g) = 0 whenever g ¢ C. Let e > 0;
let VI be a compact neighbourhood of e and define ml --sup{f(g)-11g e 1"11}. For every g s G we have
for all h e C and g • V 1, hence 
IIp°x-xlh <_ [tpOH'][x-y[lz+llp°y-yll2+[ly-xlJ2 < ½,+Hpgy-yllz .
By the result of (a) there is a neighbourhood W of e such that [[ pOy-y il2 < ½E for every g ~ W, hence Ilpgx-xl[2 < E for every g ~ V 1 n W. This proves that the mapping g ~ pg(x) is continuous in e.
COROLLARY 2.1. The mapping p: (g, x) --~ pg(x) of G xL2(G) into Lz(G) is continuous, so (G, L2(G), p) is an effective topological transformation group. If G is regarded as a group of linear autohomeomorphisms Of LE(G ), identifying g with pg(g ~ G), then the original topology of G coincides with the point-open topology on L2(G ).
Proof. Everything except the continuity of p follows immediately from the fact that R: g ~ pg is a topological isomorphism of G into GL(L2(G)). To prove the continuity of p, let x e Lz(G ), g ~ G and ~ > 0 be given. There is a (compact) neighbourhood U of g such that Set H(~, G) = E),~a H, and a(~, G) = @~a P~ (g E G); for short we will write H = H(K, G) and o ~ = a(x, G) g. Note that (r ° is defined for every g ~ G and
that it is a bounded linear operator on H with II o-q II < f(g)-1, because II p~ It -< f(g)-1 for every g ~ G and every ~ ~ A. Moreover, it is easy to see that the mapping S: g -+ o -q is a homomorphism of G into GL(H). Now the following generalization of Theorem 2.1 holds.
THEOREM 2.2. The mapping S: G -+ GL(H) is a topological isomorphism from G into GL(H).
Proof. We remarked above that S is a homomorphism of groups. To prove that S is one-to-one and relatively open, we proceed as follows. Take any s 0 e A (fixed) and ~: ~ H~o = L2(G ) (to be specified later), and consider x(~) = that is, II a°x-x il < • for all g ~ V~ n V. This proves strong continuity of S in e ~ G, hence strong continuity of S on G.
is continuous, and (G, H(K, G), ~r(~c, G)) is an effective topological transformation group. If G is regarded as a group of linear autohomeomorphisms of H(•, G), identifying g with or(K, G) g, then the original topology of G coincides with the point-open topology on H(K, G).
Proof. The proof is similar to the proof of Corollary 2.1, since h ~ i1~ h [I is locally bounded.
3. Consequences. The results of Section 2 can be used to strengthen previous results on linearization in [1] and [2] ; in fact, all theorems of [2] , Section 5, hold for a-compact, locally compact groups G, that is, for all groups admitting a weight function. At this point we stress the fact that the existence of a continuous weight function is not needed at all. Clearly this assertion will be a consequence of the observation that the transformation group (G, H(,c, G) , e(K, G)) defined in Corollary 2.2 is universal in the following sense: let (G, X, ~r) be a transformation group such that X is a metrizable space of weight <K; then there exists a topological embedding -r: X ~ H(x, G) such that for every g ~ G the following diagram commutes:
, and e g is a bounded linear operator on H(K, G); this is why one may say that the action of G on X is linearized in H (cf. [1] ). Moreover, because of the fact that the mapping S: g -+ o ~ of G into GL(H(K, G)) is a topological embedding, one may speak of a topological linearization (cf. [2] ). Before outlining a proof of our observation we have to make a remark about the condition in [1] and [2] that G is a continuous homomorphic image of a W-group F (that is, a locally compact, e-compact group F; cf. [5] ). That condition is in fact equivalent to the condition that the action on X comes from a e-compact, locally compact group. For if (G, X, ~r) is a topological transformation group, h: F-+ G a continuous homomorphism of a topological group F onto G, then h and 7r induce an action g of Fin Xsuch that the homeomorphism groups {~[cp e F} and {~glg ~ G} of (F, X, ~) and (G, X, ~r) are exactly the same; one has only to take g(% x) = ~r(h(q~), x) for all ~0 ~ F and x ~ X. So without loss of generality we consider a topological transformation group (G, X, ~) where G itself is a e-compact, locally compact group.
Let G be a e-compact, locally compact group, and let f: G -+ R be a weight function as considered in Section 2. Finally, let (G, Lz(G), p) be the transformation group, defined in Corollary 2.1. If (G, X, 7r) is any topological transformation group such that X is a Hausdorff topological space, and if ~0: X~ R is a bounded continuous function, say [q~(x)[ < 1 for all x ~ X, then we define a mapping q~: (Tr(g, x) ).
That q~(x)~Lz(G ) whenever x e X follows from the facts that q~ o ~rx: G--~ R is bounded and continuous, that f eL2(G), and that q~(x) is the pointwise product of both functions.
THEOREM 3.1. The mapping ~: X ~ L2(G ) is continuous, and p g o 0 = ~ ° zrg .for every g ~ G. Moreover, ~ is one-to-one if and only if q) has the property that {q) o ~[g ~ G} separates the points of X.
Proof. It is a simple computation to show that pg o q~ = ~ o zr g for all g ~ G, so we leave it to the reader. To show continuity, note that for any x, y ~ X we have zr(g, X) ) --~0 (zr(g, y) ) [ 2dg.
Now the proof can be finished by the proof of Theorem A of Section l, as it is given in [1] , page 370, but for the sake of completeness we reproduce here that proof. Let E > 0 be given. Since G is e-compact, there is a compact subset C of G such that
<~.
From the continuity of q~ o ~: G x X-+ R and the compactness of C it follows by standard arguments that for x fixed in X, there is a neighbourhood U of x such that
for all g e C, y e U. Consequently, for all y e U we have
Hence ~ is continuous. Now assume {~o o w0[g e G} separates the points of X, that is, if x, y e X, x ¢ y, then there is a go e G such that (q~ o %) (go) ¢ (~o o %) (go). Since q~ o % and cp o % are continuous, there is a neighbourhood U of go in G such that (q~o %) (g) ¢ (~o %) (g) for all g e U. Consequently, (q~(x)) (g) ¢ (q~(y)) (g) for all g e U, where U has positive Haar measure. This means that c~(x) and ~(y) are different as elements of L2(G). Conversely, it is easy to see that {q~ o ~r°]g e G} separates the points of X if ~ is one-to-one.
Remark. One might ask for conditions that q~ be a topological embedding. The following two conditions are obviously necessary:
(a) X is metrizable and the weight of X is less than or equal to the weight of L2(G ) which equals, as is well known, the Hilbert dimension of L2(G), that is, the cardinality of an orthogonal base of L=(G).
(b) The set ofinvariant points in X, that is, the set {x e X] Yg e G: rr°x = x}, is homeomorphic to a subset of R.
As to condition (b), this follows trivially from the fact that the only invariant points of the topological transformation group (G, L2(G), p) , where G is a ~-compact, locally compact group, are the points af in L2(G). Here A e R andfis the weight function used in the definition of p. Thus the set of invariant points of (G, Lz(G), p) is homeomorphic to R. We only know about one special case in which conditions (a) and (b) are sufficient: the case that G = R and X is compact (we disregard the trivial, though not unimportant, case that X is a'subset of R and G is an arbitrary ~-compact, locally compact group).
THEOREM 3.2. Let (R, X, ~r) be a topological transformation group. If X is a compact, metrizable space, and if the action of R on X by rr is such that the set of&variant points in X is homeomorphic to a subset of R, then there is a topological embedding ~: X-+Lz(R ) such that pto ~ = (o o z: t for all t e R.
Remark. A weight function f on R that satisfies all conditions mentioned at the beginning of Section 2 is given byf(t) = exp (-Itl) (cf. [1] , p. 367). Hence p': Lz(R) -+L2(R) may be defined by exp (-Isl)
if x e L2(R ) and s, t e R.
Proof of the theorem. In [6] , S. Kakutani has proved that the assumptions of our theorem imply the existence of a continuous function q~: X~ R such that {q~ o rr~lt e R} separates the points of X. Consequently, the corresponding mapping ~5: X-+ L2(R) is continuous and one-to-one, by Theorem 3.1, hence a topological embedding, since X is compact.
As another application of Theorem 3.1 we prove a generalization of the well-known theorem of Bryant, that a compact uniform space that admits an expansive homeomorphism is metrizable (cf. [3] ). We first give some definitions. Let X be a uniform space with uniformity @'. A non-empty family o~ of continuous maps of X into X is said to be expansive if there exists ~ e ~ such that
Note, that X is Hausdorff if X admits an expansive family of continuous maps. Let (X, ~') be a uniform space. A topological transformation group (G, X, zr) is said to be expansive if the family {~rglg ~ G} is expansive. An autohomeomorphism q~ of X is called expansive if the discrete flow generated by ~p is expansive, i.e., if the family {~0"ln e Z} is expansive.
The proof of the following theorem is adapted from Theorem 2.9 of [8] . , "", ~k(x)) for x e X. Then r is continuous, and from the definition of e = ~r(k, (7) and Theorem 3.1 it follows easily that r o ~r g = ~ o T for every g e G To prove that r is a homeomorphism, it is sufficient to prove that r is injective (X is compact). Given x, y e X, x ~a y, there is a g e G such that (~rgx, ~r°y) ~ ~. Then for some i e {1,-.-, k} we have rr°x e V i ___/3(xi), hence ~(y) ¢/3(xi) and q)i(~rgx) > 0 = q~(~r°(y). This implies that qsi(x) ¢ qZi(y ) (see the proof of Theorem 3.1) and r(x) ¢ ~-(y). Hence 7 is an injection.
Remark. Since a separable locally compact topological group G is obviously <z-compact and the converse of this assertion is not true, Theorem 3.3 generalizes in some sense the generalization by Eisenberg of the Bryant theorem (cf. [4] , Theorem 1).
In Theorem 3.3 we embedded X in a finite sum of copies of L2(G ). In the general case, if X is metrizable, we have to use infinitely many copies of Lz(G ): Proof. Let A be a set with cardinality K. It is well known that X may be regarded as a subset of the unit ball of a Hilbert space Ho with Hilbert dimension K (see [1] for references). Let (-.[..) denote the inner product in Ho, let I/'" IIo be the norm in Ho and let {e,l~ e A} be an orthogonal normed base of Ho. Note that for all x e X and ~ eA we have t(x[e~)l _< LLX[[olle~Ho -< 1 and that rr(g, x) te,) for all g e G and ~ e A. Indeed, by the Lebesgue theorem and formula (6) we have
so that (~),Ea e @~eaH, (note that ~:, e H a = L2(G) by an argument similar to that used in the proof of Theorem 3.1). We have proved that ~-(x) e H(x, G) and that 
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Now the proof can be completed by the arguments given in [1] , p. 370. G, H(~c, G), a(~, G) ) may be replaced by (G, L2(G ), p) if • _< dim (L2(G)). However, if the set of invariant points of (G, X, rr) is not homeomorphic with a subset of R, X cannot be embedded into L2(G ) in such a way that the action of G on X (by zr) becomes a restriction of the action of G on L2(G) by p (cf. the Remark after Theorem 3.1). As an example, take K > 1, X = H(x, G) and ~r = a(K, G); then the set of invariant points of (G, X, 7r) is a Hilbert space of dimension ~c, and hence is not homeomorphic to a subset of R. Nevertheless, if K _< dim (L2(G)), then there is actually a linear isometric mapping ~ of H(K, G) onto L2(G ) if dim (L2(G)) _> No. Since the transformation t ~ ~o o t o ~o-1 is a topological isomorphism of the group GL(H(K, G)) onto the group GI-(L2(G)), it is easy to see that the following theorem holds. 
